We numerically investigate the soliton tunnelling process in double-well potential trapped BoseEinstein condensate. Comparing with the usual low energy few particle tunnelling process, we find that the soliton tunnelling leads to massive particle transport between two wells. The population imbalance between two wells is not evolving sinusoidally with the time as the Josephson plasma oscillation, but shows a higher density contrast square-wave pattern due to the reflections at the trapping potential boundaries. Such unusual behavior clearly demonstrates the topologically stable, localized nature of solitons that propagate in a nonlinear medium without spreading. The squarewave oscillation of soliton also provides measurable dynamics to define a qubit in cold altom system.
Introduction
Solitons are topologically stable fundamental excitations, which exist in a variety of fields such as water in narrow channels, high-speed optical communication, molecular biology and astrophysics [1] . Ever since the realization of atomic Bose-Einstein condensate (BEC), the study of solitons in this intrinsically nonlinear system has become an important topic both experimentally [2, 3, 4, 5, 6, 7, 8] and theoretically [9, 10, 11, 12, 13, 14, 15, 16] . So far both dark solitons [2, 3, 4] and bright solitons [7, 8, 6] have been created in the BEC experiments, their dynamics and collisional behaviours indicate clearly the particle-like nature of solitons [5, 13, 14, 15, 16] . On the other hand, the bosonic Josephson junctions have also been realized in BEC confined in a double-well potential [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36] . The physics of Josephson effect is usually tackled by the two-mode model, where the two modes ψ L,R are usually taken either as the interacting ground state in each well [19, 20, 22] , or as a linear combination of the ground state and the first-excited state of the whole system [21, 25, 28, 37, 33, 38] . But this crude approximation treatment can be inaccurate in many cases [39, 25, 29, 40, 41] , especially for the strong interaction limit, to improve this method, some authors have adopted modified coupled-mode equations [42, 25, 43, 28] , leading to better prediction for stronger interaction and producing better agreement with numerical solutions of the time-dependent Gross-Pitaevskii equation. There is also a different approach to treat the Josephson plasma oscillations by using the Bogoliubov approximation [44, 45, 41, 46, 47] , which can give a better result for the Josephson plasma oscillations even in strong interaction limits. However, all these approaches are questionable to the tunnelling transport of solitons [48] . Since solitons are topological-stable excitations, their existence in the BEC system leads to macroscopic quantum tunnelling and non-adiabatic evolution [37] . The soliton related tunnelling dynamics also involve more high energetic modes [49] , which is beyond the two-mode description and can also lead to the emergence of instabilities [50] .
To give a better understanding of the tunnelling dynamics of solitons in BEC, we investigate the solitons' transport in one dimensional double-well potential by numerically solving the Gross-Pitaevskii equation. By comparing with the usual low energy tunnelling between the two potentials, we find that the soliton tunnelling leads to massive particle transport between two traps. The population imbalance does not oscillate sinusoidally with the time but show as a square-wave pattern, which is different from the Josephson oscillation predicated by the two-mode approximation. This kind peculiar behavior of soliton tunnelling process is due to the soliton back and forth reflection between the trapping potential, which as clear reveal of their particle-like character. Let us consider a system of N bosons confined in a one-dimensional double-well potential V (x) [51] , as show in Figure 1 ,
where m is the particle mass, s is a dimensionless parameter to tune the width of the trapping harmonic potential. The potential barrier is placed in the middle of the potential, its height is given by the parameter h and its width is specified by the parameter D. The dynamics of BECs in the double well can be described by the following Gross-Pitaevskii equation (GPE),
Here g is the inter-particle interaction strength. By choosing the oscillation length a 0 = /mω as the length unit and the harmonic oscillation energy E ω = ω as the energy unit, we can rewrite the GPE in dimensionless form:
For simplicity, in the following we will omit the tilde.
According to the two-mode model [19] , we adopt a trial wavefunction
where Φ 1 , Φ 2 are the pseudo-ground state solutions for each trap with the condition Φ 1 Φ 2 ≃ 0 and
Substituting the Eq.(4) into the GPE, we then have 
Here we rewrite ψ 1,2 as ψ 1,2 = N 1,2 e iθ1,2 , where N 1,2 and θ 1,2 are the number of particles and phases in the trap 1, 2 respectively. It should be noted that ψ 1,2 is x-independent within the two-model approximation. In terms of the phase difference φ = θ 2 − θ 1 and population imbalance −1 < z = N1−N2 N < 1, the dynamic equations becomė
where the time is scaled as 2Kt → t. ∆E and Λ are defined as
For two symmetric traps, E 0 1 = E 0 2 and U 1 = U 2 = U , we have ∆E = 0 and Λ = U N/2K. If the inter-particle interaction is negligible, which corresponding to Λ → 0, Eq.(5) yield Rabi-like oscillation in the population of each trap with frequency ω R = 2K.
In Figure 2 , we show the numeric simulation of Josephson plasma oscillations of Bose-Einstein condensate trapped by double-well potential V (x) with parameters h = 10, D = 1, s = 1. In Figure 2 (a) and (b), the inter-particle interaction strength is set to be 0, which is in the ideal Bose gas limit without any inter-particle interaction. While in Figure 2 (c), we show the particle population imbalance under different inter-particle interaction strengths β = 0 and 5. Given that the trial wavefunctions Φ 1 and Φ 2 are required to be orthogonal within the two-mode approximation, we prepare the initial state as the ground state ψ 0 (x) of a well-separated double well potential with high enough potential barrier to reduce the overlap of the wavefunction in each well. Then at time t = 0, we translate the harmonic trapping potential by a small distance δx = 0.1 to induce a little imblance between the two wells, which would lead to the observable particle tunnelling between two wells [44] . Based on the two-mode model, there should be a Rabi-like oscillation of density population in each trap. As we can see in the Figure 2 (a) , the trapped BEC are well separated, while their phases are coherent (cf. Figure 2 (b) ). The corresponding population imbalance in Figure 2 (c) indeed shows smoothly sin-wave evolution, which is in good consistent with the two-mode approximation. Comparing the population imbalance evolution of β = 0 and β = 5, we can see the presence of inter-particle interaction leads to an enhancement of the tunnelling amplitude and shift of periodicity.
While for the case of solitons, given that they are topologically stable and preserve their form in long term due to the effects of non-linearity compensate for dispersion [52] , we can treat soliton as a massive quasi-particle at the first step. For simplicity, we write the condensate wavefunction in the form ψ(x, t) = √ ρe iθ(x,t) , where ρ is the density of condensate atoms and θ is the coherent phase of the condensate. According to the WKB approximation [53] , in the barrier region the wavefunction is in the form
where C = √ ρ∇θ and p = 2m(V − E sol ). The barrier region is [−a, a]. E sol is the soliton energy given by
, in which the integral is integrated over the region where soliton extends [52] and n 0 is the background atom density. The corresponding tunnelling probability is approximately given by
dx|p(x)| , which can be obtained by the numerical calculations. Although Eq. (7) can approximately be used to describe single soliton tunnelling process, in reality due to the intrinsic nonlinear complexity of BEC system, the tunnelling dynamics can only be grasped with numeric simulation.
Soliton tunnelling
In the numeric simulation, we using backward Euler pseudo-spectral scheme to computer the ground state of the GPE [54] , then the dynamic evolution is obtained by applying the time splitting scheme [55] .
We start the simulation for soliton tunnelling with a soliton localized in the left trap potential and set up the initial wavefunction as
where A is the parameter that make the wavefunction normalized to unity in the region
2 /l) with the parameter l being used to vary the size of soliton. We have set the initial state with a uniform phase gradient c 1 /2 to give the soliton a initial right-moving velocity. Then we set the system to dynamic evolution with time-splitting scheme [55] .
In Figure 3 , we show the soliton dynamic process in the case with parameter h = 10, s = 1, D = 1 and β = 5, while the soliton is specified with parameter x 0 = 2, l = 0.5 and c 1 = 5. The particle density, the wavefunction phase, and the population imbalance are demonstrated respectively in Figure 3 (a), (b) , and (c). Since the solitons are excitations composed by many bosons and stable against dispersion, in the transport process they can keep their shape and form in long term like a quasi-particle, which would give rise to massive bosonic tunnelling [37] . Comparing with the Josephson plasma oscillation case, as show in Figure 3 (c) , the population imbalance gets a much more stronger signal and there are many sudden jumps in the population imbalance evolution. Such peculiar pattern is a clear signature of the soliton tunnelling. This massive phenomena is similar to the soliton oscillation [5, 15] , but in our case there are many solitons vanish and generated during the tunnelling process, which make it very hard to trace the dynamics of each soliton. Furthermore, we see from Figure 3 (a), after the solitons tunnel through the potential barrier, they continue to move forward until reaching the potential boundary, then they are reflected and move backward. Such periodical reflection results in a square-wave like pattern in the evolution process, as show in the Figure 3 To investigate to periodicity dependence, we vary the interaction strength parameter β and the potential barrier height h to see the change of population imbalance evolution. In Figure 4 (a), we vary the inter-particle interaction strength parameter to different values β = 0, 3, 5, 8, 10, 12, while keep the potential barrier parameter h = 10 unchanged. Whereas, in Figure 4 (b), we set the potential barrier height to different values h = 10, 15, 20, 30, 40 and keep the inter-particle interaction strength β = 5 unchanged. The rest parameters are set to be x 0 = 2, l = 0.5, D = 1 and c 1 = 5. As we have expected, solitons possess an intrinsic quasi-particle nature: the interaction strength and the barrier height change the amplitude of population imbalance dramatically, but have little influence on the period.
Since the periodicity of the population imbalance is related to the solitons reflection at the potential boundaries, by changing the potential width parameter s should lead to the change in the periodicity. In Figure 5 , we change the value of s to 0.2, 0.5 and 1.5, while retaining the rest parameters as h = 10, D = 1, β = 5, setting the parameters that specified the initial soliton as c 1 = 5.0, x 0 = 2 and l = 0.5. Just as expected, the narrower the potential is, the less time is needed for the solitons to bounce off between the potential. While the potential is narrower, the particles are trapped closer and the particle density increases, there would be more particles to participate in the soliton tunnelling process, which also lead to the enhancement of population imbalance amplitude. When the potential is broad, the periodicity increases and the amplitude also reduces.
Experimentally the mostly used method to create solitons in BEC is by applying phase-imprinting to the condensate [3] . Numerically, we start our simulation with a initial state by applying a phase-imprinting, ψ(x, 0) = ψ 0 (x)e iθ(x) , where ψ 0 (x) is the ground state, and θ(x) = α(1 + tanh((x − x 0 )/d)) is the corresponding phase to be imprinted onto the ground state wavefunction [3] . The numerical results are shown in Figure 6 with the potential barrier height to h = 10, the interaction strength β = 5, and the phase imprinting θ(x) = 3 2 π(1 + tanh((x + 2)/0.2)). Since we have placed the phase onto wavefunction in the left well, the solitons are firstly generated in the left trap with an initial velocity v = ∇ x θ to travel to the right. The phenomenon is similar to former discussed case with initial state of a single soliton. However, one should note that the velocity of soliton is now position-dependent due to the inhomogeneous phase gradient in space. Therefore, in the long run the square-wave-like pattern of population imbalance can not retain and the quasi-periodicity will also change. With phase-imprinting method similar in [48] , we have created the solitons in our system, but there is no Josephson tunnelling of dark solitons in real space.
Conclusion
In summary, by numeric solving the GPE, we find that the population imbalance due to soliton tunnelling evolves with a quasi-periodic square-wave pattern, which is different from the Josephson oscillation predicated by the twomode approximation. Its periodicity is determined by the trapping potential width, while the interaction strength and potential barrier height only lead to the change of population imbalance amplitude and have little influence on the period. Furthermore, the soliton tunnelling in BEC gives rise to much stronger dynamic signal than Josephson effect, which makes it much more robust against fluctuations and perturbations. Such peculiar square wave pattern and robust character of soliton tunneling can be served as a good candidate in the realization of qubit for quantum information based on the collective properties of BEC [56, 57] . 
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